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Detection of Multiple Damages by Prestack
Reverse-Time Migration

X. Lin*and F. G. Yuan®
North Carolina State University, Raleigh, North Carolina 27695

An approach to detect and image multiple damages in a platelike structure is presented. A structural health
monitoring system (SHMS) with a linear array of actuators/sensors is proposed. The integrated actuators/sensors
are used to activate/receive lowest-order antisymmetric Ao mode Lamb waves. A migration technique used in
geophysical exploration and seismic prospecting is adopted to interpret the backscattering wave field and to image
the flaws in the structure. The proposed approachis modeled by a two-dimensional explicit finite difference method
both in simulating the reflection waves and in implementing the prestack migration. An analytical solution based
on Mindlin plate theory (Mindlin, R. D., “Influence of Rotary Inertia and Shear on Flexural Motions of Isotropic,
Elastic Plates,” Journal of Applied Mechanics, Vol. 18, No. 1, 1951, pp. 31-38) is derived to verify the accuracy of
the numerical algorithm. An excitation-time imaging condition specifically for the migration of waves in a plate
is introduced based on a ray tracing concept, and prestack reverse-time migration is proceeded to propagate the
reflection energy back to the damages. The plate is imaged in terms of the velocity of transverse deformation after
migration, thus, the locations, dimensions, and seriousness of the flaws can be visually displayed. Numerical results
show that multiple damages can be successfully detected and the image of the damages correlate well with the
target damages. The conclusion is that prestack migration can be a prospective technique in SHMS applications.

Nomenclature
Cy = velocity of extensional waves in a plate,
JI2/(1 = )IC,
C, = velocity of shear waves, /(G /p)
D = plate bending stiffness, Eh*/[12(1 — v?)]
E = Young’s modulus
fo = central frequency of the excitation signals
G = shear modulus
h = plate thickness
M,, M, = bending moment

peaks of the excitation signals

amplitude of the transverse loading

shear force

transverse loading

distance between a sensor and an actuator
transverse displacement

grid space for both x direction and y direction,
Ax and Ay, respectively.
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At = time step

K = shear correction factor, k> = 7%/12
A = wavelength

v = Poisson’s ratio

0 = mass density

w = angular frequency, 2v =2n f

I. Introduction

HE integrity of structuressuch as aircraftneeds to be monitored

constantly to prevent catastrophic failures. To respond to any
possible damage leading to the failure of structures,damage should
be detected, evaluated, and, if possible, monitored, even though
the structures might be in service. Traditional nondestructive test-
ing/evaluation(NDT/NDE) techniquescannot be directly applied to
monitor structures’ health status because these techniques usually
are based on in-laboratorytesting and require bulky instruments. Es-
pecially for aerospace vehicles, the health monitoring is required to
performon in-service structures without manual interference. Thus,
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developingstructuralhealthmonitoring systems (SHMS) thatcanbe
integratedinto the structuresas a built-inactive diagnosissystemhas
attracted more attention.'~!* Regarding the potential applications,
the research topics can be divided into two major categories: inte-
grating optimized actuators/sensors into structures and developing
robust diagnosis algorithms.! Strain gauges, piezoelectrics, optical
fibers, and PVDF have been studied and implemented in SHMS
functioning as actuators or sensors.2~> The diagnosis algorithms,
which are dependenton the physical signal category determined by
an actuator/sensor system, cover a wide range as well, from con-
ventional techniques, such as modal analysis, optimization method,
etc., to artificial intelligencerelated techniques, such as fuzzy logic,
neural networks, etc.®*” Among these research topics, generating
and interpreting wave signals is the focus of much current research
due to some unparalleled advantages of this technique 8

Guided waves in structures can propagate a long distance; thus,
they are very suitable to be utilized in health monitoring for large-
areastructureslike wings and fuselages. They can detectnotonly the
damages on the surface of the structures,but also the flaws inside the
structures. The detectabilityof smaller sized damage can be obtained
simply by increasingthe frequency of diagnostic signals. The gener-
ating and collecting wave signals arereadily accommodatedthrough
the distributed actuator/sensor system. The difficulty of applying ul-
trasonic waves based monitoringin SHM is to interpretthe received
signals given their dispersive properties and complicated mode con-
version phenomena. Preliminary methods of interpreting ultrasonic
signals include comparing some characteristic parameters, such as
wave speed, arrival time, and amplitude in the time domain between
virgin structures and damaged structures, and drawing conclusions
based on the comparison results. Frequency-domain analysis, such
as spectrogram, wavelet, and time-frequency distribution, has also
been applied to damage detection. These methods can only recog-
nize the existence of the damage and cannot provide quantitative
information about the damage. One reason might be that a unique
solution cannot be obtained in an inverse problem of extracting the
system’s parameters from the system’s output.

Recently, many researchers have attempted to propose methods
from either the hardware or software prospective to propagate the
received reflection waves back to the reflector (damage) and, thus,
realize quantitative damage detection. Fink® used up to 128 piezo-
electric transducers to generate and receive sound waves. The wave
signals were stored in memory and read backward to constitute a
reverse wave field. The reversed waves were then reemitted to detect
the flaws by focusingthe waves. By using this so-called time reversal
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mirror, he could identify a flaw with dimensionsas small as 0.4 mm.
The disadvantage of this technique is that it is based on point-by-
point testing and might not be applicablein SHMS. Deutsch et al. '
also used the conceptof reversing the reflection field. A linear array
was used to focus both Rayleigh waves and Lamb waves. The time
of flight was estimated through the cross correlationof reemitted and
receivedsignals. The array was self-adjustedby a delay of calculated
time of flight, and the received signals were sent out again to amplify
the reflection. By iterative operation of this procedure and switch-
ing the element as transmitter, the ultrasonicsignals were illustrated
numerically and experimentally to be able to focus on an artificial
anomaly in an aluminum plate. Liu et al.!! indicated that the migra-
tion could be applied in the nondestructive evaluation for concrete
structures. In their studies, a surface crack was assumed a priori;
thus, all of the imaging processes were simplified to find the first
arrivaltime and convertit into the distance by timing the wave prop-
agation velocity. In a previous study by the authors,!? a poststack
migration technique was used to interpret the wave field. Surface-
mounted piezoelectricdisks on both sides of the plate were arranged
as a linear array and were used to act as both actuators and sensors.
The actuators excite lowest-order antisymmetric A, mode Lamb
waves, and the sensors collect the waves reflected from the dam-
age. This procedureis analogous to the data acquisition experiment
in geophysical exploration. Thus, migration, which is an advanced
technique in geophysics and seismology,*~!¢ could be used to pro-
cess the data in SHM. The migration technique treats the reflector
(damage) as a secondary source, and the problem becomes one of
inversely tracing a source that can be uniquely determined. Several
data processing procedures,such as normal moveout correction, de-
convolution,and muting, thatare related to poststack migration were
alsodiscussed.In thatstudy, the one-way wave equation was derived
based on the characteristicanalysis of Lamb wave propagation.The
receivedreflection wave field was reversed first, then was applied to
a finite differencealgorithm as time-dependentboundary conditions
to backpropagate the wave field. A single damage in the plate was
correctly imaged through one-way wave equation based migration.
Chien!7 also attempted to adopt the migration technique into dam-
agedetection.In his study, the problem was modeled by the classical
plate theory, and primitive results were provided. Both the studies
in Ref. 12 and in Ref. 17 substantiated that poststack is a very use-
ful method to image the structures. However, this method is based
on an exploding reflector model assumption in which the stacking
process before migration will destroy the information in the wave
field relating to the source-reflector distance and the reflection am-
plitude. Furthermore, it cannotaccuratelyimage dip damages where
the surface of the damage is not parallel to the sensor array. In the
previous studies, only single and symmetric damages were studied.

The current study attempts to deepen our understanding of dam-
age detection by using prestack migration to image multiple dam-
ages. The basic concepts of migration technique were introduced
in authors’ previous paper'? and will not be repeated in the cur-
rent work. Thus, only the basic steps of using prestack migration
to interpret the reflection waves are discussed. The objective of this
paper aims at detecting two small flaws as a representative illus-
tration in a plate using the prestack migration technique. First, a
two-dimensional explicit finite difference algorithm used both for
simulating the reflection wave field and implementing the reverse-
time migration is briefly reviewed. An analytical solution based on
Mindlin plate theory'® is derived to verify the accuracy of the sim-
ulation. An excitation-time-based imaging condition is proposed
from a two-dimensional ray equation and is simplified by asymp-
totic analysis of the wave velocity. A correction is applied to the
imaging condition to compensate for the dispersive effect of Lamb
waves. Finally, several migration images of numerical experiments
are presented. The good correlation, both on location and dimen-
sions, between imaged damage and target damage validates the fea-
sibility of the proposed technique.

II. Verification of Finite Difference Algorithm
Based on Mindlin plate theory,'® the flexural waves propagating
in a homogeneous, isotropic elastic plate can be described by a
governing equation in first-order matrix form:

a a
Eomr = Ag—

9
- Y BoL + Coutq (1)

ax d
where * Y

u' = {w, V., ¥y, Oy, Qr, My, My, M,\}
q" =1{q,0,0,0,0,0,0,0}

Matrices Ay, By, Cy, and E, are listed in Ref. 12 and, thus, are not
repeated here.

Bayliss et al.! proposed an explicit finite difference algorithm
that is second-order accurate in time and fourth-order accurate in
space. This algorithm can be used to solve a hyperbolic differential
equation that has a form like Eq. (1). The details of applying this
algorithm to simulate the flexural waves in a plate were discussed
in Ref. 12. Attention should be paid to the stability condition of the

algorithm
At < 2As / [ OEd—v) @)
p(1+v)(1—2v)

To ensure that the simulation error is less than 1% with the second-
order accuracy in time and sixth-order accuracy in space,® a crite-
rion for selecting optimal grid space can be expressed based on the
dispersionrelation as

R (k2C2+C2)
50(4n2f2 —C2)  50fo

K2CH(K2R2 f2 + C2) + h2 f2C2(C2 — 242 C2) : )
X
(4h2f02 - CE)Z

To verify the accuracy of the numerical calculation, an analytical
solution for the Mindlin plate problem'® is derived. In a polar coor-
dinate system, the governing equations for axially symmetric wave
motions generated by a point force ¢ (w) at r =0 are given in the
frequency domain by

M, = (i + 3)1/?, (4a)
dr r

~ d 1\ -~

M, = D(v— + —)1//, (4b)
dr r

~ ) ( dzb)

0, =k"Gh| ¥, + — (4¢)

dr

Y 273
(d +1>Mr—?—é,=—"‘”h b (Ga)

d 1Y\ ~
( + —) 0, = —pw*hw (5b)
r
where

+o00
g(r,w) = / e g(r, 1) dt

where g represents any of the M,, My, Q,, ¥,, and w. Substituting
Eq. (4) into Eq. (5), we obtain two equations of motion, each relat-
ing plate displacement w and rotation v,. By eliminating v, from
the two equations, we can get an exclusive equation for transverse
displacement w:

(V*+ AV + Byw(r,w) =0 6)
where
V2o d? n 1d
T dr? rdr
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ph? o\ o p*h* . ph\ ,
A= B=(L—w-&
(120 + K2G>w ’ 2e26p” ~ D )"

When two positive real numbers k; and k, are defined,
k2 = (VA2 - 4B + A) /2, k2= (vA2—4B - A)/2
The solution of W can be expressed as
W = C[HP (kyr) — HP (—ik,r)] )

in which constant C could be determined by the applied loading
condition. The transverse shear Q, can be written in terms of w:

~ pho? | & 1 & 1\d|.
= — t-— A-——=|— 8
Q B |:dr3 + r dr? + r? ) dr v ®
For a small cylinder with its center at the loading point and

its radius r =a, by the equilibrium relation of the shear force
q(w)=2maQ,|, —,, the constant C can be evaluated by

iBq
C=——— ©)
4phew? (k2 + k2)
For a Kirchhoff thin plate, the rotatory inertia and the shear de-
formation are ignored; thus A=0, B=—phw?/D, and k* =k} =
k? = B. The solutionto classicalplate theory (CPT) is then obtained
as

W = (=iG/8DK})[H (kr) — H (—ikr)] (10)

The transverse displacement can be obtained by inverse Fourier
transform of Egs. (7) and (10).

The derived solution is first compared to the widely accepted
Medick’s CPT solution?! for the purpose of showing that the
current reduced solution for CPT is consistent with Medick’s so-
lution. Figures 1 show the transient response of transverse dis-
placement at » =6 in. (15.24 cm) of both solutions. In the cal-
culation of Figs. 1, material is chosen as an Al-6061 plate with
h=0.063 in. (0.16 cm), E = 10,523 ksi (72.5 GPa), v=0.3, and
0 =5.262slugs/ft> (2710kg/m?). The time history of the point force
was given by

q(r=0,1) = P[H(t) — H(t = B)] (an

where H () is a Heaviside step function and the duration time of
applied force 8 = 10 us. The transverse displacement of Medick’s

solution?! is given by
Pt ph r?
- mlJE—
4/ phD D 4t

w(r, t) =
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Fig.1 Transverse displacement at r = 6 in. (15.24 cm): a) comparison
between Medick’s solution®! and current CPT solution and b) compar-
ison between Medick’s CPT solution®! and Mindlin’s solution.!®

solutions. Further Mindlin solution shows a delay in phase and an
increase in amplitude compared with classical theory. This can be
explained by realizing that the inertia term in the equation will bring
phaselag, and transverse shear deformation will amplify the vertical
displacement.

In another study, the excitation of the transient waves is a modu-
lated sinusoid loading governed by

q(r=0,t)= P[H(1) — H(t = N,/fo)]
x [1 — cos(2m fot /N ,)] sin 27 fyt (14)

0<t<§B

L tM( 'O_hﬁ>_ t — M( 'O_hr—2> t (12)
4n/ohD Vo) PV T aTh > P

where M (x) is defined as M (x) =7 /2 — Si(x) — sinx + xCi(x),
and Si(x) and Ci(x) are the sine and cosine integrals, respectively.
Both solutions are normalized by

by = — 28D (13)

Pg/(4x/ohD)

The current CPT solution in Fig. la is calculated by Eq. (10).
Figure 1a shows good agreementbetween the current CPT solution
reduced from Mindlin plate theory'® and Medick’s CPT solution®!
for the entire period of time. Figure 1b clearly displays the differ-
ence between these two approximation theories. For long lengths of
time, Mindlin plate theory'® gives as close results as those by CPT.
However, for short times in which the signal is dominated by high-
frequency components, the result shows a discrepancy between two

The waveform of the load (f, =100 kHz and N, =5) and corre-
sponding frequency spectrum are given in Figs. 2a and 2b, respec-
tively.

Figure 3 givesthe responsesatr = 6in. (15.24 cm) when the plate
is subjectedto a pointload governed by Eq. (14), both from Mindlin
plate theory!® and from CPT. It can be observed that CPT departs
distinctly fromthe Mindlinsolutionat this frequency (corresponding
to A &~ 7.4h). When an ultrasonic testing technique is adopted in
SHM applications, the order of applicable frequencies ranges from
kilohertz to megahertz. Thus, it is necessary to use Mindlin theory
or higher-order approximation theory to model the problem.

Figure 4 compares the results based on the derived analytical so-
lution and finite difference result. From Eq. (3) it is clear that the
accuracy of finite difference simulation is highly dependenton the
wavelength of the propagating waves. In this case, the grid space is
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Fig.3 Comparison of transverse displacements at r = 6 in. (15.24 cm)
between CPT and Mindlin plate theory!® when the load is modulated
sinusoid function.

chosen as As =0.02 in. (0.0508 cm). In Fig. 4a, the central fre-
quency is 20 kHz, correspondingto the wavelengthA ~ 17.3h. This
satisfies the requirement that the wavelength should be 10 times less
than the grid spacing, thus, the finite difference result agrees well
with the analytical solution. Increasing the central frequency while
the grid spaceremains unchangedwill decreasethe calculationaccu-
racy. As observedin Fig. 4b, when the central frequencyis A & 7.4h,
the error between two solutions can be clearly recognized. It can be
concluded based on Fig. 4 that the constructed finite difference al-
gorithmis capable of simulating the flexural waves accuratelybased
on Mindlin plate theory.'®

III. Simulation of Reflection Waves from Damages

To generate the reflection wave field scattered by multiple dam-
ages in a plate, the plate is viewed as inhomogeneous materials.
Each damage is modeled as a small region of the plate with differ-

6 T T T T T
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4 pmemme Fe- FD Result
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a)r=0.4in. (1.016 cm), f, =20 kHz, Ax =0.02 in. (0.0508 cm)
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i : | """" é" Fqu'esult
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b) r =1.6 in. (4.064 cm), f. =100 kHz, Ax =0.02 in. (0.0508 cm)

Fig.4 Comparison of transverse displacement between analytical so-
lution (exact Mindlin plate solution'®) and finite difference result.

ent material constants. This can be implemented simply by altering
the matrix E, in Eq. (1) without affecting the kernel codes of the
finite difference program. With this approach, the boundary condi-
tions at the interfaces between the plate and damages are implicitly
satisfied, which makes it easier to model damages with compli-
cated geometry and material properties. A plate with dimension
80 x 80 in. (203 x 203 c¢m) with material properties and geome-
try shown in Figs. 5 and 6 is studied in the current research. A
200 x 200 finite difference mesh [As = Ax = Ay =0.4 in. (1 cm)]
is superimposed on the plate region. The origin of the coordinate
system is set at the center of the plate. Two small damages, shown
in Fig. 5 as the two small circles, are modeled as point diffractorsat
(4 in., —161in.) (10 cm, —41 ¢m) and (—10 in., —10 in.) (=25 cm,
—25 cm), respectively. The equivalent bending stiffness D at the
grid points representing the damages is chosen as one-eighth of the
plate’s bending stiffness. The loading-time history, Eq. (14) with
P =0.2251b (1 N), fo =40kHz, and N, =3, is applied at the cen-
ter of the plate. Figure 5 displays a snapshot of the synthesized
reflection wave field as a whole view of the plate at t =300 us. At
this time, the wave has hit two damages. In Fig. 5, the amplitude of
the velocity of transverse deformation w at the grid points is shown
as a contour plot. Note that two point diffractors are illuminated by
the incident waves sequentially,depending on the distance between
the damage location and the loading point. The reflection waves
radiate from each damage, acting like waves from a point source.
Thus, a damage (or reflector) can be treated as a secondary source,
generating waves. This phenomenonis one of the foundationsof ap-
plying migration technique to detect damage in structures. Another
observation from Fig. 5 is that the amplitude of reflection waves is
dependent on incidence angle. For the points along the direction of
a line connecting a diffractor and the loading point, the amplitude
reaches a maximum. The amplitude decreases with the increase of
the angle deviating from this direction.

Figure 6 shows the reflection wave field in another form, the
so-called time section in geophysics. The abscissa represents the
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Fig. 6 Time section that is used to execute prestack migration.

position of sensors located at y = 0, which is the spatial grid point
in the simulation where the waves are recorded. The ordinate repre-
sents the propagating time of the waves. Each vertical line (a trace)
is a time history of w at the corresponding point. For clarity, only
every second trace is plotted in Fig. 6. The fluctuation of a line
represents the amplitude change of w. In Fig. 6, the direct arrival
of incident waves from the actuator to sensors has been muted by
subtractingthe received wave field for a plate without damage from
the actual wave field with damage. As shown in the Fig. 6, the time
span (800 ws) is chosen sufficiently long enough to ensure that all
of the sensors can pick up the whole length of the reflection wave
package for both point diffractors. Contrary to poststack migration,
prestack migration does not impose any restriction that limits on the
span of sensors inherited in the normal moveout stacking process.
Thus, all of the traces recorded at the points along a horizontal line
crossing through the plate could be used to execute the migration.
With the increase of the span of sensors, the artifacts in the migra-
tion image due to the data truncation can be reduced to a minimum.
In this study, the span of sensors is conservatively chosen as from
—32in.to +32in. (—81 cm to +81 cm) to avoid the influence from
the edges of the plate. The time section provides the information of
reflectioneventsin the time domain and is the data form thatis prac-
tically obtainable in SHMS. Two hyperbolic reflection events can
be noticed in Fig. 6. After migration, these two hyperbolic events
will be collapsed into two damage locations. The hyperbolic curve
with a peak on the left side indicates the reflection wave from a point
reflector (—10 in., —10 in.) (—=25.4 cm, —25.4 cm) and another re-
flection wave from (4 in., —16in.) (10 cm, —41 cm). Thus, through
migration, the information of reflection events can be transferred
from the time domain to the spatial domain.

IV. Imaging Damages by Prestack Migration

For a distributed actuator/sensor monitoring system, each actua-
tor can excite A, mode Lamb waves in the plate. All of the sensors
collect the backscattering waves, and a time section such as shown
in Fig. 6 is assembled. In poststack migration, the time sections of
different excitations are normal moveout corrected and added up to
develop a zero-offset section, which is the data form to be used in
the migration.!® This stacking process increases the signal-to-noise
ratio and, thus, improves the quality of migration. However, normal
moveoutcorrectionis based on the assumptionthat the reflectors are
flat layers; thus, poststack migration is only suitable for the case that
actuators/sensors are distributed along an array and the interfaces
of the flaws are parallel to this array. Furthermore if the recorded
signals are transformed into zero-offset before migration, the infor-
mation of reflection amplituderelating with actuator/sensordistance
(offset) might be lost. In this study, time sections without correction
(like Fig. 6) from a single excitation are used to execute the migra-
tion. The stacking is processed after migration and applied to the
migrated images. The most attractive feature of prestack migration
is that it releases the limitation of the fixed pattern of distributed
actuators/sensors and that it has the potential to detect any shape of
damage.

The migration is based on the full-way wave equation rather than
the one-way wave equation. In geophysics, most applications use a
one-way wave-equation-basedmigration. The reason is that the re-
ceiveris placed on the Earth’s surface, and its recorded signal is the
upward traveling waves. Then the migration works as downward
continuation of the reflection wave field. In SHMS, the actuator
may be placed any region of interest on or in the plate, and it can
receive reflection energy from any coming direction. Thus, the two-
way wave equation has to be used in migration to backpropagate
the waves received by the sensors. Another consideration in geo-
physics when using one-way wave-equation-based migration is to
avoid imaging multiple reflection energy. This is not a concern in
SHMS because the incipient flaws we are currently interestedin are
usually small in size, and the structures could be modeled as homo-
geneous materialsin the migration process.In fact, because the loca-
tions and dimensions of the damage are unknown before migration
is accomplished, it is unlikely that the material distribution will be
estimated. One-way wave-equation-basedprestack migration might
be necessary when the boundaries of the structure need to be taken
into consideration. With full-way wave migration for a single flaw,
two images will be developed that are symmetrical with respect to
the sensor array. To determine uniquely the real location of the flaw,
an auxiliary migration along a different direction is necessary.

Reverse-time finite difference migrationis used in this study. The
same finite difference algorithm used in simulating the reflection
waves is used to perform the migration. The time sectionis reversed
with respectto time first. Each trace was treated as a time-dependent
boundary condition of transverse deformation velocity w at the grid
point corresponding to the sensor. Because the finite difference al-
gorithm used is a two-step time splitting method, the time step in
migration is twice the time step in synthesizing the wave field. In
real applications, the time step for migrationis equal to the sampling
interval of the A/D device. By the applicationof the boundary condi-
tions at all sensor locations at each time step, the received reflection
waves are backpropagatingtoward the damage or secondarysources.

Prestack migration uses the finite offset time section; thus, it has
different imaging conditions from poststack migration, in which
the whole plate is imaged simultaneously at the end of extrapola-
tion. The excitation-timeimaging condition proposed by Chang and
McMechan' is used in this study. The imaging condition is based
on a concept that if both the source and the recorded wave are ex-
trapolated, the reflectors exist at the places where these two waves
are in phase to each other. By this condition, a point is imaged at
its excitation time. Excitation time is defined as the moment when
the point is excited by the energy from the actuator. This imaging
condition is explicit, and each point in the image space has its own
image time. Thus, at each time step i Az, imaging is processed at all
of the grid points located on a locus defined by

t;=(N—i+1)At (15)
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where 1, is the one-way travel time from the loading point to the
points and N is the total time steps. The direct arrival time can
be obtained by extrapolating the source through a finite difference
algorithm. In this study, it was done by an approximation based on
ray tracing concepts. Based on Fermat’s principle, an arbitrary ray
path P in a heterogeneous medium with wave velocity distribution
C(x, ) is governed by the ray equation®

d 1 dx oC (x,
da | _9Ckx, y) (16a)
dp| C(x,y)dp 0x
d 1 d oC (x,
—[ —y} SISCER)) (16b)
dp [ C(x,y)dp dy
where dx = dp cos6 and dy = dpsinf.
Equation (16) can be further transformed into
d
d_)tc = C(x,y)cosf
L in6
i (x, y) sin
d9 oaC oC
— = —sinf — — cos b an
dr ax ay

The firsttwo equationsin Eq. (17) specify the change of ray positions
with respect to time, and the third equation specifies the change of
ray direction with respectto time. Then, summing the travel time on
all of the segments along the ray path gives the direct arrival time

dp Ap
— _— 18
ta /,, oy =~ 2Ty (1%

i

If the damage dimension is ignored and the plate is considered as
homogeneous, 6 in Eq. (17) is a constant, which means that the
wave front is a circle centering at loading point and a ray path is a
straightline along the radius r. It appears that the direct arrival time
simply equals t, =r/C,, where C, is a wave velocity determined
for calculating imaging condition.

If the waves in a plate have a form like ¢/ ~7"), where y repre-
sents the wave number, the slow flexural wave w; and fast flexural
wave w, can be decoupled from each other by Eq. (5) as

(V2+}/12)wl:0» l:1,2 (19)

where

y? = (pho?/2D)[\/ (S — R)? +4D/phw? £ (S + R)]

R =h?/12, S = D/k*Gh

Thus, the velocities V; and V5 of slow and fast flexural waves are
frequency dependent. When frequency is very high, as occurs in
ultrasonic testing, it can be shown that

Vi = w/y — kC, (20)

Vi=w/y, = V[2/(1 = v)]C; 21
that is, the velocity of slow flexural waves and fast flexural waves
approach the velocities of Rayleigh waves and plate extensional
waves, respectively. In both numerical simulation and experiments,
the arrival of fast flexural waves is hardly discernable. The reason
might be that most of the energy is propagating in the velocity of
shearwaves C;, whichis closeto the velocity of slow flexural waves.
Thus, in this study, the velocity used to estimate the direct arrival
time is approximately chosen as

C,=C, 22)

The imaging condition locus for each extrapolation time step is
calculatedin advance and used as a reference table in the migration
process. At each extrapolationstep, those points on which the direct

arrival time locus crosses with the backpropagating wave front are
imaged in terms of the velocity of transverse deformation w. The
imaging locus does not always cross the grid point. In the current
study, a point that is not more than As /4 from the locus was imaged
at this time step. One grid pointmight be imaged more than one time
during one time section migration because the stability criterion of
finite difference algorithm prevents the locus from passing through
one grid space in one time step. The mean value of the imaging
variable is used to image these points. On the other hand, all of the
loci for all time steps may not cover all of the grid points. Thus,
interpolation for the image is necessary. One alternative to applying
interpolation is in the process of extrapolation, or interpolation in
terms of time step. This will lower the speed of migration and in-
crease the memory requirement of the calculation. Another way to
accomplish this is after the whole extrapolation, which means that
the interpolation was totally completed in the spatial domain and
would turn out a smoother image. To compensate the effect that the
waves attenuate over the traveling distance, the image intensity at
one point was multiplied by r, which is the distance between that
point and the loading point.

Figure 7 displays four snapshots of backpropagatingwaves in the
process of reverse-time migration at four different times. The re-
flection wave field is generated from two small damages at points A
(—=10in.,—101in.) (=25 cm, —25cm) and B (4 in., —161in.) (10 cm,
—41 cm). The actuator is placed at (—20 in., 0 in.) (=51 cm, 0 cm).
The time at which a snapshot is taken is labeled in the caption
of each frame, and these times were counted from the recording
startup point of the time section. Thus, the real time of each frame
counting from the beginning of the migration process should be the
time span of the time section (800 ws) minus the labeled time. The
dashed line superimposed on each snapshot represents the imaging
conditionlocus (points with constantdirect arrival time) at this mo-
ment. The two small circles represent the target damage. Figure 7
illustrates how reverse-time migration backpropagatesthe recorded
reflection waves and how the excitation-time imaging condition is
applied to image multiple damages. In Fig. 7a, the recorded wave
fieldis extrapolatedand begins to propagate toward the damage. The
reflected energy from damage A is focused back to its secondary
source through migration at time 278 pus (Fig. 7b), where the imag-
ing condition locus is coincident with the wavefront of downward
(negative y direction) wave field. The hyperbolic event induced by
damage B is collapsedinto a point diffractor at the right position at
153 us (Fig. 7¢). InFig. 7d, the reflection energy continuedits down-
ward propagation, and the wavefronts were much like an image of
overmigration. The waves propagate divergently and the wavefront
would not be coincident with the shrinking imaging condition locus
again, thus, no new point would be imaged.

Because the detectability of differentdamages is strongly depen-
dent on the incidence angle of ultrasonic waves, migration of time
sections from a single actuator might not give a complete image of
the damages. For distributed actuator/sensor plate structure, each
time one actuator is used to excite flexural waves while all of the
sensors collect the reflection signals, then a time section is assem-
bled. Applying migration to each time section gives an image of
the plate. A complete image could be obtained by adding up all of
these images. This stacking process after migration also increases
the signal-to-noise ratio. The more actuators used, the higher the
signal-to-noise ratio and the better the resolution that can be ob-
tained for the final image. Increasing the times of migration will
increase the computationburden, which is not favorable in real time
SHM.

V. Numerical Results

This section shows some images obtained by prestack reverse-
time migration. The material constants and the dimensions of the
plate are given in Fig. 5. The plate, which is discretized by a 200 x
200 finite difference mesh, is imaged at each extrapolation step by
extractingthe velocity of transversedeformationw ateach grid point
and was displayed as a gray scale contour plot. In Figs. 8-11, the
circles with a solid line represent the target damage. In Figs. 8-11,
the sensors were assumed to be placed at each grid point along the
x axis, ranging from (—32 in., 0 in.) (=81 cm, 0 cm) to (32 in.,
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Fig.9 Images of plate, side effect of nonspike excitation was compen-
sated in migration.

01in.) (81 cm, 0 cm). Nine of the sensors also function as actuators,
which are located ranging from (—20 in., 0 in.) (=51 c¢m, 0 cm) to
(201in.,01n.) (51 cm, 0 cm) with an interval of 5 in. (12.7 cm). Each
actuator gives one shot to excite A, mode Lamb waves. The traces
collected by all of the sensors are used to assemble the time section.

Figure 8 gives an example of migration images. Figure 8a is the
image migrated from a single shot generated by an actuator located
at (—201in., 0 in.) (=51 cm, 0 cm). Figure 8b is the image stacked
from migration images of nine actuators’ time sections. Figures 8a
and 8b show that the prestack migration successfullypropagatedthe
reflection energy back to the secondary sources, and two damages
are clearly shown in the plate image. The locations of the damage’s
images are very close to the real locations of target points, although
there were some small discrepanciesfor the dimensions,shapes, and
locationsbetween resultimages and real damages. The errors might
result from the use of a narrowbanded excitation signal. To obtain
a perfect image, the excitation should be a spike signal to ensure
a high resolution. Because of Lamb waves’ dispersive properties,
a widebanded signal will distort progressively during propagation.
Thus, a narrowbanded signal is used as excitation. In this study,
the narrowbanded waves had not been deconvoluted, the duration
time of the source wavelet would worsen the image. After the traces
are reversed in time, an endpoint of the source wavelet package
actually becomes a wave front during the migration progress. Thus,
the wave front imaged according to excitationimaging condition is
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Fig. 10 Stacked image from one-way wave equation based migration.
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Fig.11 Imagesofplate, migrationwas performed from asmallnumber
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not a real front, and there is a deviation by the value of duration
length of the source package. This will also introduce an error to
the location of imaged damages. From the results, it is observed
that there is a strong direction dependence of the images (stronger
in the direction of wave front propagation), which resulted from
a diffractor’s reflection amplitude being angle dependent. When
Figs. 8a and 8b are compared, it is evident that the image after
stacking has much better quality than the image from a single shot.
It is expected that the stacking process will also suppress the effect
of real noise and improve the performance of the migration, which
will be pursued in future experimental studies. However, note that
the time required to carry out the prestack migration for N time
sections of N actuatorsis N times that for single shot, which is not
favored in real-time monitoring.

Figure 9 shows in the migration images that the side effect of
nonspike excitation is compensated. Figure 9a is the image from a
shot initiated by the actuator at the center of the plate. The stacked
image from nine shots is shown in Fig. 9b. For compensating the
location error caused by the nonspikelike source wavelet, half of
the duration time of the wavelet is subtracted from the direct arrival
time in the calculation of the imaging conditiontable. The resultant
images in Fig. 9 show that the image quality is much improved after
compensation. The images of the damage overlapped the targets
more accurately than the images in Fig. 8. The effect of image’s
angle dependence on the source position is also weakened.

Figure 10 shows a stacked image of the plate obtained from the
one-way wave-equation-based migration. An equation for down-
ward (negative y direction) propagating waves is used.'> As shown
in Figs. 8 and 9, in the two-way wave migration a pseudoimage to-
gether with the right image of each damage appeared symmetrically
with respect to x axis, along which the sensors are distributed. Be-
cause both damages are located below the x axis and, intentionally,
downward extrapolation is chosen, the resultant image shows the
correctlocations of damages, and no pseudoimage appeared. In this
case,a damagelocatedabove the x axisis notimaged. Figure 10 im-
plies that the one-way wave-equation-based migration can be used
in SHS only if the sensors were placed along the edge of a plate.
It is also observed that there is energy scattered around the target
damages. The reason might be that the one-way wave equationused
had not been corrected to preserve the dispersion relation of real
full-way waves.

Figure 11 displays plate images from migration with fewer actu-
ators/sensors. Nine piezos form a line array ranging from (—24 in.,
0in.) (—61 cm, 0 cm) to (24 in., 0 in.) (61 cm, 0 cm) with a spacing
of 6 in. All of the piezos function as sensors. In Fig. 11a, all of the
sensors also act as actuators. In Fig. 11b, only the three piezos at
(—=241in.,01n.), (0in.,01in.), and (24 in., 0 in.) or at (—61 cm, 0 cm),
(0 cm, 0 cm), and (61 cm, 0 cm) are chosen to excite the Ay mode
Lamb waves. It is expected that the fewer the actuators/sensors, the
poorer the resolution and the quality of images may result. How-
ever, the number of actuators/sensorsin a real structural monitoring
system should be kept as small as possible so that the monitoring
system will not add extra complexity and reduce the strength and
performance of the structure. Figure 11 demonstrates that prestack
migration is still applicable when very few actuators/sensors are
used. The number of sensorsis cut down dramatically compared to
the Fig. 9 case. The damage imaging quality of both Figs. 11a and
11b is less sharp than that of the stacked image in Fig. 9b, but they
both give a clear indication of existing damage. In Fig. 11b, there is
a noticeable error for the imaging of the location of target damage.
It could be concludedfrom the comparison among these images that
the number of actuators, which determines how many images will
be stacked, is more critical than the number of sensors as a factor of
affecting accuracy of the damage detection. That the image quality
is not deteriorated significantly with few actuators/sensors is an ad-
vantage for prestack migration over poststackmigration. The reason
is that poststack migration is based on a normal moveout corrected
section, which is highly dependenton the interval between sensors.

VI. Conclusions

Stress-wave-basedprestack migrationhas been demonstrated nu-
merically to be an advanced technique that could be adopted in an

active SHMS. The migration technique serves as a bridge that con-
nects distributed actuator/sensor system and ultrasonic signals and,
thus, makes it possible to constructa real-time, automatic, and accu-
rate monitoring system. The prestack migration technique not only
candetectthe existenceof damage, but may also provideinformation
aboutthe dimensions,locations,and seriousnessof the damage. It is
notnecessary to assume a damage pattern before applying prestack
migration, which makes it feasible of detecting multiple damages.
In this study, damages are modeled as point diffractors, which may
not reflect reality. When it is known that every damage with a solid
area can be treated as a summation of certain pointreflectors, it is be-
lieved that prestack migration is capable of detecting any shape and
any dimension of the damages. In this paper, a two-way wave equa-
tion is suggested to be first choice for prestack migration in SHMS
applications. The imaging condition is built based on a general ray
equation for two-dimensional heterogeneous materials; thus, it can
be extended to structure other than plates. Through an asymptotic
analysis of Ay mode waves, the excitation-time imaging condition
is simplified into the direct arrival time of shear waves. After the
imaging condition is compensated by a value of half of the dura-
tion time of the excitation signal, this imaging condition is proven
by the migration results to be an accurate criterion for imaging the
extrapolation wave field. The prestack migration technique simpli-
fies the data processing procedures so that the data distortion due
to several stacking procedures like normal moveout correction can
be avoided. Further more, it has the potential to compensate for
the influence of dispersive waves on the accuracy of flaw detec-
tion. Overall, prestack migration is a better choice than poststack
migration, although prestack migration requires more computation
time.

Future study will focus on the experiment verification of the pro-
posed monitoring system. The proposed system may also be ex-
tended to the health monitoring of composite structures.
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